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[1] On the basis of a recently developed nonlinear guiding center theory for the
perpendicular spatial diffusion coefficient k? used to describe the transport of energetic
particles, we construct a model for diffusive particle acceleration at highly perpendicular
shocks, i.e., shocks whose upstream magnetic field is almost orthogonal to the shock
normal. We use k? to investigate energetic particle anisotropy and injection energy at
shocks of all obliquities, finding that at 1 AU, for example, parallel and perpendicular
shocks can inject protons with equal facility. It is only at highly perpendicular shocks that
very high injection energies are necessary. Similar results hold for the termination shock.
Furthermore, the inclusion of self-consistent wave excitation at quasiparallel shocks in
evaluating the particle acceleration timescale ensures that it is significantly smaller
than that for highly perpendicular shocks at low to intermediate energies and comparable
at high energies. Thus higher proton energies are achieved at quasiparallel rather than
highly perpendicular interplanetary shocks within 1 AU. However, both injection energy
and the acceleration timescale at highly perpendicular shocks are sensitive to assumptions
about the ratio of the two-dimensional (2-D) correlation length scale to the slab
correlation length scale l2D/lk. Model proton spectra and intensity profiles accelerated by
a highly perpendicular interplanetary shock are compared to an identical but parallel
interplanetary shock, revealing important distinctions. Finally, we present observations of
highly perpendicular interplanetary shocks that show that the absence of upstream wave
activity does not inhibit particle acceleration at a perpendicular shock. The accelerated
particle distributions closely resemble those expected of diffusive shock acceleration, and
observed at oblique shocks, an example of which is shown.
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1. Introduction

[2] Particle acceleration is ubiquitous at shock waves,
occurring on scales ranging from supernova remnants to
interplanetary shocks and cometary bow shocks. The mech-
anism thought to be responsible for the almost universally
observed power-law spectra is diffusive shock acceleration
[Axford et al., 1977; Bell, 1978a, 1978b; Blandford and
Ostriker, 1978; Krymsky, 1977]. The observed cosmic ray
spectrum, until about 1014 eV/nuc., can be explained by
particle acceleration at a supernova remnant shock [e.g.,
Völk et al., 1988]. Diffusive shock acceleration is also
generally thought to account for gradual SEP events [e.g.,
Reames, 1999], but the correspondence between the simple
predictions of theory and observations is often not compel-

ling [e.g., Desai et al., 2003] and more elaborate time-
dependent models have had to be developed [Zank et al.,
2000; Li et al.., 2003, 2005b; Rice et al., 2003; Li and Zank,
2005].
[3] The importance of particle acceleration at perpendic-

ular shocks has been recognized in the context of under-
standing both solar energetic particle (SEP) events (‘‘shocks
near the Sun’’) and energetic storm particle (ESP) events
(‘‘shocks at 1 AU’’). Tylka et al. [2005] suggest that the
following characteristics seem to group events. For Group I,
the Fe/O ratio falls with energy and is Fe-poor at high
energies, and is a bigger event of longer duration, with a
softer spectrum and exponential rollover. For Group II, the
Fe/O ratio increases with energy and is Fe-rich at high
energies, and is a smaller event of shorter duration with a
harder spectrum that is nearly power-law and no rollover. To
explain this grouping of events, Tylka et al. [2005] invoke
particle acceleration either at quasiparallel or quasiperpen-
dicular shocks. However, Desai et al. [2004] find that the
distinction between these groups is less sharp when many
events are considered.
[4] While the theory of particle acceleration at a quasi-

parallel shock appears to be reasonably well understood,
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and has been applied to SEP and ESP events [e.g., Zank et
al., 2000; Li et al., 2003, 2005b], no similar theory exists
for perpendicular shocks. Here we describe an approach for
diffusive shock acceleration at perpendicular shocks. Be-
sides interplanetary shocks, this topic is of considerable
importance to the heliospheric termination shock since it is
likely to be highly perpendicular across most of its surface.
A related issue is of course the question of injection, which
has attracted considerable attention in the past.
[5] Near an oblique shock front, Alfvén waves are

responsible for particle scattering. Locally, at the simplest
level, the particle distribution f, and forward and backward
wave energy densities I±, normalized to B2/(8p), per loga-
rithmic bandwidth are coupled together through the 1D
transport equations for the particles and waves [Lee, 1983;
Bell, 1978a, 1978b; Gordon et al., 1999],
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where G± and g± are the growth and damping rates of I±, kk
the spatial diffusion coefficient, k0 the Bohm limit, u the
flow speed, B the (interplanetary) magnetic field, and p
the particle momentum. Also, the wave number k = rL

�1, the
particle gyroradius, and p0 is a constant momentum scale
and B0 is a normalizing magnetic field (taken to be the

interplanetary magnetic field at the co-rotation radius [see
Zank et al., 2000]). As we discuss below, equations (1)–(3)
are appropriate to oblique shocks that are not very close to
perpendicular. In this case, the particle transport equation
and the wave energy density equation are coupled through
the spatial diffusion tensor and the wave driving term G±,
and these equations must be solved simultaneously to
determine both the accelerated particle spectrum (respon-
sible for generating the waves) and the wave energy density
(responsible for scattering the particles) self-consistently.
(However, the wave intensity driven by the accelerated
particle gradient at a strong shock can often exceed the
background mean magnetic field intensity, which violates
the quasilinear assumption implicit in equation (1). In this
case, the Bohm limit is typically applied; that is, k0 is used
when the wave energy density per logarithmic bandwidth
exceeds the local solar wind magnetic energy density [Zank
et al., 2000].) Rice et al. [2003] and Li et al. [2003] use the
work of Gordon et al. [1999] to evaluate the wave intensity
from (2). Steady solutions to (1) show that the accelerated
particle intensities are constant downstream of the oblique
shock and exponentially decaying upstream of the shock.
The scale length of the decay is determined by the
momentum dependent diffusion coefficient (steady state
solution). Downstream and away from the shock, we need
to include the radial expansion of the solar wind. The
approach we use follows that of Zank et al. [2000] and Li et
al. [2003]. Thus particles trapped by the turbulence
convected from upstream of the shock experience convec-
tion, cooling as the flow expands back to its ambient state,
and of course diffusion. Owing to imperfect trapping
upstream and downstream of the shock, particles can escape
upstream from the shock into the undisturbed solar wind.
The above is illustrated schematically in Figure 1. The
escaping particles stream along the IMF, experiencing some
scattering, and are observed at 1 AU as gradual SEP events.
Observationally, waves are often detected at quasiparallel
shocks [e.g., Tsurutani et al., 1983; Bamert et al., 2004].
[6] However, particle acceleration via the first-order

Fermi mechanism at a perpendicular shock wave remains
an outstanding problem for two essential reasons. The first
is that unlike quasiparallel shocks, accelerated particles at a
perpendicular shock cannot excite the (Alfvén) wave field
that is responsible for scattering the particles repeatedly
across the shock. This is because the growth term in the
wave equation, besides being proportional to the particle
gradient, is proportional to cos qbn, where qbn is the angle
between the upstream magnetic field and the shock normal
direction, and is thus zero for a strictly perpendicular shock
[e.g., Gordon et al., 1999; Li et al., 2003; Rice et al., 2003].
Unlike the particle acceleration model described by (1)–(3),
this therefore requires that particle scattering at a perpen-
dicular shock be the result of in situ upstream turbulence
that is convected into the shock. At the heart of the problem
for perpendicular shocks is the need for a viable model of
the perpendicular component of the diffusion tensor. This is
discussed in greater detail in section 2. The second problem
is that since an accelerated particle is essentially tied to a
magnetic field line, its ability to cross the shock repeatedly
is limited to the time it takes a magnetic field line to cross
from upstream to downstream, assuming that the magnetic
field line experiences some wandering (see below) to make

Figure 1. Schematic of the accelerated particle distribu-
tion at an interplanetary shock for two momenta, illustrating
the momentum dependent scale length of the exponential
decay ahead of the shock, and the corresponding trapping
and escape or leakage of particles.
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the transmission time nonzero. Thus a fast-moving particle
is necessary if it is to experience multiple crossings of the
perpendicular shock (see Figure 2) so that it can be
diffusively accelerated. Consequently, diffusive shock ac-
celeration of particles at a perpendicular shock is effective
for particles that are already energetic. This is referred to as
the ‘‘injection problem’’ for perpendicular shocks [Jokipii,
1987; Zank et al., 1996b]. A more formal approach to the
injection problem is discussed below. However, it is gener-
ally thought that the acceleration time at a perpendicular
shock is much faster than at a parallel shock since the
acceleration timescale,

tacc ¼
1

p

dp

dt

� ��1

¼ 3skxx
V 2
sh s� 1ð Þ ; ð4Þ

(where p is particle momentum, kxx the spatial diffusion
coefficient normal to the shock, s the compression ratio, and
Vsh the upstream shock flow speed) is proportional to the
particle spatial diffusion coefficient. Suppose we assume a
general form for the diffusion coefficient parallel to the
magnetic field, kk = vlk/3. In the hard sphere scattering
approximation, we may express the perpendicular diffusion
coefficient as k? = kk/(1 + hc

2), [e.g., Jokipii, 1987] where rL
is the particle gyroradius, v the particle velocity, lk = 3kk/v,
and hc = lk/rL is a measure of the particle scattering
strength. In the weak scattering limit, lk/rL 	 1 and k?/kk =
(lk/rL)

�2 
 1. The strong scattering limit is defined as
lk/rL ’ 1, which corresponds to hdB2i ’ B2 (strong
turbulence). This theory is not applicable in the case when
lk/rL 
 1, because when a particle scatters many times
during one gyro-orbit, its cyclotron radius no longer has
meaning. In the case when lk/rL ’ 1, we get k? ’ kk,
which is in fact the Bohm limit (isotropic diffusion)
[Forman et al., 1974; Jokipii, 1987]. Clearly, for weak
scattering in the hard sphere approximation, the acceleration
time at a quasiparallel shock (kxx ’ kk) is much larger than

that at a quasiperpendicular shock (k? 
 kk). This result is
however predicated on the assumption that the intensity of
the upstream turbulence is the same at a parallel and
perpendicular shock, which, as we have seen above, is
incorrect because waves are excited at a quasiparallel shock
and not at a quasiperpendicular shock. A physically
meaningful comparison of acceleration timescales must
take this into account.

2. Perpendicular Diffusion Coefficient

[7] The problem of perpendicular diffusion by a particle
in a turbulent plasma is a problem of enduring interest, and
one that has yet to be fully solved. Theoretically, particle
diffusion parallel to the magnetic field appears to be
described well (at least for pure pitch-angle scattering in
low-frequency MHD or slab turbulence) by quasilinear
theory based on the resonant wave-particle interaction. By
contrast, theoretical models for k? do not appear to describe
observations [e.g., Mazur et al., 2000; Fisk et al., 1997), nor
are they consistent with careful numerical simulations
[Giacalone and Jokipii, 1999; Mace et al., 2000; Qin et
al., 2002a, 2002b]. Quasilinear theory suggests that
perpendicular diffusion of particles is primarily the result
of charged particles following magnetic field lines that are
themselves experiencing a random walk in space and time,
the Field Line Random Walk (FLRW) model, but numerical
simulations with low-energy particles do not support this
simple, intuitive, and appealing approach. Matthaeus et al.
[2003] introduced a theoretical model which, for the first
time, appears to be consistent with numerical simulations in
both the high- and low-energy particle regimes. Their
approach is to assume that perpendicular transport is
governed by the velocity of gyrocenters that follow
magnetic field lines. Qin et al. [2002a, 2002b] showed
using numerical simulations that perpendicular diffusion
could occur only in the presence of a transverse complex
magnetic field; that is, if field lines sampled by the
gyromotion of a particle experiencing parallel and antipar-
allel scattering along the field are similar to those
encountered before a scattering event, then perpendicular
diffusion is suppressed. Although a more precise definition
(and explicit examples) is given by Matthaeus et al. [1995,
2003], flux surfaces with high transverse complexity are
characterized by the rapid and random separation of nearby
magnetic field lines and are therefore important to
perpendicular diffusion. In particular, it appears that the
combination of slab and 2-D turbulence (a ‘‘two-compo-
nent’’ model) is necessary to produce transverse complexity,
and that slab turbulence alone, for example, is insufficient.
[8] Zank et al. [2004] present a derivation showing

(1) that a superposition of slab and 2-D turbulence is
necessary for the development of transverse complexity in
the magnetic field, and (2) that the transverse complexity
can be treated as diffusive. By assuming that magnetic field
lines separate diffusively, Matthaeus et al. [2003] derive a
nonlinear theory for the perpendicular diffusion coefficient,
which corresponds to a solution of the integral equation

k? ¼ a2v2

3B2

Z 1

0

S? kð Þd3k
v=lk þ k2?k? þ k2kkk

: ð5Þ

Figure 2. Schematic showing an interplanetary magnetic
field (IMF) line experiencing random walking as it is
convected through a shock. A particle attached to the field
line can make multiple excursions upstream and down-
stream as the field line is carried completely through the
shock, provided the particle is moving sufficiently fast. This
requires that particles already be energetic if they are to
experience diffusive shock acceleration at a perpendicular
shock. Uup and Udn refer to the upstream and downstream
flow speeds.
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In (5), B is the mean magnetic field strength, lk = 3kk/v is
the mean free path (mfp) parallel to the mean magnetic field
(and l? = 3k?/v the corresponding perpendicular mean free
path), kk,? the wave vector parallel/perpendicular to the
mean magnetic field, and a2 is a factor related to the
gyrocenter velocity and is found numerically to be �1/3
[Matthaeus et al., 2003]. Expression (5) also makes the
simplifying assumption of magnetostatic turbulence. The
extension to include dynamical turbulence is straightfor-
ward. The spectral amplitude of the turbulent fluctuations is
given by S?(k). The model described by equation (5) is
referred to as the Nonlinear Guiding Center (NLGC) theory.
[9] Zank et al. [2004] introduce an explicit model for

turbulence in the solar wind and solve (5) approximately for
l?. Theory [Zank and Matthaeus, 1992] and observations
[Matthaeus et al., 1990; Bieber et al., 1996] suggest that
turbulence in the solar wind is comprised of a superimposed
slab and 2-D component. The two-component slab-2-D
model ignores the usually smaller parallel variance and
includes only fluctuations with wave vectors either purely
parallel (kk) to or perpendicular (k?) to the mean magnetic
field B0. Thus we may express

S? kð Þ ¼ S2D? k?ð Þd kk
� �

þ Sslab? kk
� �

d k?ð Þ; ð6Þ

where we choose

Sslab? kk
� �

¼ C nð Þhb2slabilslab 1þ k2kl
2
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� 	�n
; ð7Þ
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p
hb22Dil2D

1þ k2?l
2
2D

� ��n
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; ð8Þ

and C(n) = 1
2
ffiffi
p

p G(n)/G(n � 1/2) is a constant related to
the spectral index 2n. We assume that the spectrum has an
inertial range that is characteristic of fully developed
Kolmogorov turbulence and thus n = 5/6. The remaining
variables in (7) and (8) are the ensemble-averaged energy
density in slab/2-D magnetic fluctuations, hbslab2 i and hb2D2 i,
and the spectral ‘‘bend-over’’ scales in the k- and ?-
directions for slab/2-D turbulence, are denoted by lslab and
l2D. The bend-over scales are related to the slab and 2-D
correlation lengths lc

slab, lc
2D, respectively. In the solar

wind, lslab > l2D for fully evolved turbulence [Dasso et al.,
2005].
[10] An approximate expression for the perpendicular

diffusion coefficient k? can be derived from (5) [Zank et
al., 2004], yielding
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The dependence of the diffusive mean free path l? on
particle energy or gyroradius rL enters only through the

parallel diffusion coefficient or mean free path lk. In the
quasilinear form, lk is well approximated by

lk
lslab

¼ 2:343
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hb2slabi
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Although an approximation, expression (10) is very close to
the exact Fokker-Planck result [Zank et al., 1998]. The
energy dependence of l? enters through the parallel mean
free path (mfp). Since l? / rL

1/9 to leading order, it therefore
has only a very weak energy dependence. As in our
assumption about (5), effects associated with dynamical
MHD turbulence were neglected in deriving (10). The term
D can be important for very energetic particles whose
Larmor radius is comparable to or greater than the
correlation length lc

slab, since the particle then scatters
resonantly with the flatter energy-containing range rather
than the inertial range. This is of particular importance in
the outer heliosphere [Zank et al., 1998].
[11] The approximate solution (9) is in excellent agree-

ment with the exact solution of the integral equation. The
physical content of the NLGC theory is revealed clearly by
the approximate solution, showing how k? scales with
parameters such as the energy density in magnetic
fluctuations hbslab,2D2 i, mean field strength, particle gyrora-
dius, MHD turbulence correlation length scales, parallel
diffusion coefficient, etc. This dependence is illustrated in
Figure 3 (left plot), which shows the parallel and
perpendicular mfps and the particle gyroradius as a function
of energy for the examples of a perpendicular heliospheric
termination shock located at 100 AU at low latitudes and an
interplanetary shock located at 1 AU. To evaluate the
expected level of turbulence at the termination shock, we
have used the turbulence transport model of Zank et al.
[1996a]. Another parameter that is needed to determine k? is
the ratio l2D/lslab, for which definite values are not known
and it may be as little as 0.1 [Zank et al., 1998]. For Figure 3,
we use ratio of 0.5. Notice that at both 100 AU and at 1 AU,
the form of lk and l? is very similar over the energy range
1 keV to 100 MeV (especially at 1 AU). For the termination
shock example, l?/lk ’ 10�3 at low energies and 10�4 at
100 MeV. Figure 3 (right plot), plotted with a different
normalization, shows the parallel and perpendicular mfps and
Bohm diffusion coefficient at 1 AU instead. Figure 3 can also
be regarded as a plot of the acceleration timescale for the
NLGC diffusion coefficient, the quasilinear parallel diffusion
coefficient, and the Bohm diffusion coefficient, all normal-
ized to the Bohm acceleration timescale limit; that is, we plot
tacc
?,k/tacc

Bohm = k?,k/kBohm = l?, k/rL, as a function of gyroradius
normalized to the turbulence correlation length rL/lc.
Obviously, the Bohm acceleration time is constant (unity)
in such a plot. The parallel and perpendicular acceleration
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timescales, when normalized to the Bohm acceleration
timescale, decrease with increasing energy since lk / rL

1/3

in the inertial range. For the typical solar wind parameters
used in Figure 3 (right), the acceleration timescale for a
perpendicular shock is more than 3 orders of magnitude
smaller than that at a parallel shock. For the 1 AU shock, we
used a magnetic field magnitude of 4.12 nT, which is what
was used by Zank et al. [2004]. The ratios hb2i/B2 = 0.78 and
l2D/lslab = 0.5 are used here and in Figure 5 in section 3. The
magnitude of the slab correlation length (lc

slab) was assumed
to be 0.03 AU, and the 2-D:slab ratio is 80:20. Finally, the
solar wind speed is taken to be 400 km/s and the shock
compression ratio to be 3.0.
[12] Several key points are revealed by the graphs. The first

is that the parallel and perpendicular diffusion coefficients
track each other rather closely and k? � 0.01–0.001kk. A
second is that the perpendicular diffusion coefficient is
larger than the Bohm limit at low energies and significantly
smaller at high energies. Thus the acceleration timescale at a
perpendicular shock is much faster than at a parallel shock,
assuming equal levels of upstream turbulence at each shock.
The perpendicular mfp at 100 AU is not significantly
different from that at 1 AU, especially at high energies,
implying that acceleration timescales for perpendicular
shocks are similar throughout the heliosphere. Conse-
quently, perpendicular shock acceleration may be common
in the outer heliosphere. By contrast, nearly 2 orders of
magnitude separate the parallel mfp at 100 AU and 1 AU.

3. Anisotropy and Injection

[13] As discussed in section 1 and reflected in Figure 2,
for particles to be accelerated diffusively at a quasiperpen-
dicular shock requires that they be sufficiently energetic
already. Our physical intuition, which is reflected in

Figure 2, does not easily allow us to compute the energy
a particle needs in order to be ‘‘injected’’ into the diffusive
acceleration process. In order to apply the cosmic ray
transport equation to diffusive shock acceleration, we re-
quire the particle anisotropy to be small at the shock.
Assume that yz is the plane of the shock, and that the
magnetic field vector lies in the xz plane and makes an angle
qbn with the shock normal (x), which is coincident with the
direction of the flow u. If we assume that the distribution
function f depends on x only and consider the distribution in
the shock frame, the streaming flux components are

Fx ¼ � 4pp2

v
kxx

@f

@x
þ u

p

3

@f

@p

� �
; ð11Þ

Fy ¼ � 4pp2

v
kyx

@f

@x
; ð12Þ

Fz ¼ � 4pp2

v
kzx

@f

@x
; ð13Þ

where v is the particle speed. For a planar shock

@f

@x
¼ uf

kxx
; p

@f

@p
¼ �q f ; ð14Þ

where q = 3s/(s � 1) is the power law index of the
accelerated spectrum and s is the shock compression ratio as
before. The diffusion tensor components are

kxx ¼ k? sin2 qbn þ kk cos2 qbn;

kyx ¼ �kd sin qbn;

kzx ¼ kk � k?
� �

sin qbn cos qbn;

ð15Þ

Figure 3. (left) Plot of the parallel (solid curve) and perpendicular mfp (dashed curve) and the particle
gyroradius (dotted curve) curve as a function of energy for parameters appropriate to 100 AU (the
termination shock) and 1 AU (an interplanetary shock). (right) Shown in a different format are plots of
the mean free paths at 1 AU as a function of particle gyroradius and now normalized to the correlation
length. The graphs are equivalent to the ratio of the diffusive acceleration time to the Bohm acceleration
time, and each is normalized to gyroradius. The solid line corresponds to the normalized (to the Bohm
acceleration timescale) perpendicular diffusive acceleration timescale, the dash-dotted line corresponds to
the parallel acceleration timescale, and the dashed line corresponds to the Bohm acceleration timescale
(which is obviously 1).
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and the classical coefficient kBohm = rLv/3 is used below.
The total anisotropy is x = 3 jFj/(4pJ), where J = fp2 is the
differential intensity. Since kk 
 k?, we obtain

x ¼ 3u

v

q

3
� 1

� 	2
þ

k2Bohm þ k2k cos
2 qbn

� 	
sin2 qbn

k? sin2 qbn þ kk cos2 qbn
� �2

2
4

3
5
1=2

: ð16Þ

For a nearly perpendicular shock, sin qbn ’ 1, so that

x ¼ 3u

v

1

s� 1ð Þ2
þ

r2L þ l2
k cos

2 qbn

l? þ lk cos2 qbn
� �2

" #1=2
: ð17Þ

For the diffusion approximation to be valid, we require that
the anisotropy x be small, i.e., x 
 1.
[14] Some very interesting results emerge when one

computes the anisotropy as a function of energy for shocks
of different obliquities. Alternatively, by assuming that x =
1, we can compute the injection energy threshold as a
function of shock obliquity. It should be noted that our
assumption of x = 1 is for computational convenience only
and that x 
 1 is really required for the diffusion approx-
imation to be valid. The use of x = 1 provides an upper limit
from which we can scale results if necessary. Related
discussions have been presented by Giacalone and Jokipii
[1999, 2005]. We again consider two examples: the termi-
nation shock at 100 AU (Figure 4) and an interplanetary or
CME-driven shock within 1 AU (Figure 5).
[15] The figures reveal two interesting results.
[16] 1. The anisotropy is very sensitive (and singular) in

the limit as qbn ! 90�. The sensitivity to the angle between
the magnetic field B and the shock normal in the limit of
qbn ! 90� is because of the very large contribution from the
parallel diffusion coefficient lk. For low energies, the

anisotropy x is approximately equal for qbn = 0� and qbn =
90� but an order of magnitude different for qbn = 89�. For
qbn � 89�, x decreases approximately as a power law in
energy T, whereas the qbn = 90� curve has a distinct plateau
at intermediate energies before decreasing slowly. The
corresponding anisotropy figure for parameters appropriate
to 1 AU (Figure 5, left panel) shows that there is virtually no
difference between qbn = 0� and qbn = 90�. With increasing
obliquity, the anisotropy differences become more marked.
Figures 4 and 5 suggest that highly oblique shocks rather
than perpendicular shocks will have the most difficulty
injecting particles into the diffusive shock acceleration
mechanism.
[17] 2. By plotting the injection threshold energy Tinj

(defined as the energy at which x = 1) as a function of qbn
(Figures 4 and 5), we can see explicitly that highly oblique
shocks require the highest injection energies. For the
termination shock example, the injection energy Tinj
increases rapidly with increasing obliquity by nearly 3
orders of magnitude (�2 keVat a parallel termination shock
(Figure 4) to >1 MeV for qbn ’ 88�). For the termination
shock (Figure 4, right panel), the exact magnitude and the
location of the maximum depend quite sensitively on the
value of the ratio l2D/lslab. The frequently quoted value of
l2D/lslab ’ 0.1 [e.g., Matthaeus et al., 2003, and references
therein] is interesting in that it yields a very high injection
threshold in the neighborhood of 90�, and the 90� value
is still 4–5 orders of magnitude higher than at the
corresponding parallel shock. However, the injection ener-
gies at 1 AU, by contrast, while still depending on l2D/lslab,
do not exhibit the same degree of variability. Injection
thresholds now range from �2 keV (parallel and perpen-
dicular shocks) to �40 keV (qbn � 80�), depending on l2D/
lslab. The differences in the injection threshold for the
termination shock case compared to the 1 AU example

Figure 4. (left) A plot of the anisotropy x ahead of a shock as a function of energy for parallel, oblique,
and perpendicular shocks. A compression ratio of s = 3 is assumed. Note that at low energies, the
perpendicular and parallel shocks have almost identical values of x. (right) Plot of the injection energy as
a function of the shock obliquity under the assumption that x = 1 defines the threshold energy for
injecting particles into the diffusive shock acceleration mechanism. Three possible ratios of l2D/lslab are
considered, and the inset is an expanded view of the solution about 90�. In both the left and right panels,
parameters corresponding to a termination shock located at 100 AU have been used.
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are due to the difference in the fluctuating magnetic field
energy density hb2i/B2. After peaking near 90�, Tinj plum-
mets as qbn ! 90�. At 1 AU, rather remarkably, the lowest
injection energies occur for shocks that are either parallel or
almost strictly perpendicular regardless of the ratio l2D/
lslab. By contrast, highly oblique shocks with qbn � 45�
have a high injection threshold.
[18] The results for the injection energy thresholds may

have two important consequences. At the termination shock,
for example, the shock obliquity will vary constantly in
response to variable upstream solar wind conditions. This
can be true at interplanetary shocks and bow shocks as well.
Since injection is much easier at either a parallel or strictly
perpendicular shock, it is therefore possible that a shock will
inject particles into a diffusive shock acceleration mecha-
nism very intermittently, unless some preacceleration mech-
anism can boost particle energies significantly. However,
since the heliospheric termination shock is likely to be
quasiperpendicular most of the time [e.g., Zank, 1999]
and injection energies will exceed 100 keV, it is likely that
injection is either highly intermittent or results from pre-
acceleration mechanism such as multiply reflected ion
acceleration/shock surfing [Zank et al., 1996b; Lee et al.,
1996] or second-order Fermi acceleration [Chalov, 2000;
Kallenbach et al., 2005b]. For interplanetary shocks, a
supra-energetic particle population is often present in the
form of flare accelerated particles [Mason, 2000; Desai et
al., 2004]. Since interplanetary shocks within 1 AU have
regions that can be highly oblique or quasiparallel, the
injection character can vary across a CME-driven shock,
for example (Figure 6). This will however depend sensi-
tively on the assumed l2D/lslab ratio. At a highly oblique
section of the shock front, with l2D/lslab � 0.1, injection
will either not occur (at least thermal solar wind particles
cannot be accelerated in the context of diffusion theory) or
a pre-existing energetic particle population, such as
flare particles, which already have energies exceeding
�20 keV, will be accelerated. Consequently, the Fermi
accelerated particles must reflect this injection bias and
SEP and ESP events that posses an impulsive-like compo-
sition must therefore have been accelerated at a highly

oblique shock. If instead, l2D/lslab � 1, the injection
threshold at an oblique shock is �5–6 keV, which is
sufficiently modest that thermal heating of the solar wind
particles by the shock may be sufficient; this will not,
however, lead to a compositional bias in gradual events.

4. Shock Acceleration

[19] By adapting the approach developed by Zank et al.
[2000] and Li et al. [2003], we have developed a model for
particle acceleration at a perpendicular interplanetary shock.

Figure 6. Schematic of a CME-driven shock illustrating
the variation in shock obliquity and the corresponding
regions of high injection energy thresholds.

Figure 5. Same as Figure 4 except that the parameters are now appropriate to an interplanetary shock
located at 1 AU. Note that the qBn = 0� curve is almost completely obscured by the qBn = 90� curve.
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Just as at a quasiparallel shock, the usual stationary cosmic
ray transport equation can be solved at a perpendicular
shock, yielding the same spectral dependence on the shock
compression ratio in both cases. The differences between
the two cases are the scaling of the upstream exponential
decay of particle intensity, the injection energy, and the
maximum energy, since all of these depend on the spatial
diffusion coefficient.
[20] By taking the following three steps, we can utilize

our earlier approaches [Zank et al., 2000; Li et al., 2003]
directly.
[21] 1. From equations (9) and (10), we can evaluate k? =

1/3vl? on assuming (1) a Parker spiral magnetic field [e.g.,
Jokipii and Kota, 1989]

B ¼ B0 R0=rð Þ2 1þ W0r

Usw

� �2
 !1=2

;

where W0 is the solar angular velocity, and B0 the magnetic
field at the heliocentric corotation radius r = R0; (2) a
decomposition of the upstream magnetic energy density in
the turbulence according to

hb2i ¼ hb2slabi þ hb22Di;

in the proportion hbslab2 i: hb2D2 i = 20%: 80%, and (3) that
hb2i decays according to a simple WKB model

hb2i
hb20i

¼ r

r0

� ��3

;

where hb02i is the magnetic field variance at a reference
heliocentric distance r0. The WKB approximation is
reasonable within 5–8 AU but beyond that, a more
elaborate turbulence-based model is needed [Zank et al.,
1996a]. These assumptions allow us to evaluate the
perpendicular diffusion coefficient k? at the shock through-
out the heliosphere. We note that we have implicitly
assumed that no significant instabilities will be generated in
the foreshock of a highly perpendicular shock. However, as
discussed by Zank et al. [1990] and Zank et al. [2005], a
cosmic ray mediated perpendicular shock can be unstable to
magnetofluid-like instabilities, which may have an effect on
particle acceleration. This is not pursued here.
[22] 2. By setting x = 1 in equation (16) (although we

should strictly use x 
 1), we can evaluate the local
injection momentum or velocity if particles are to be
accelerated diffusively at highly oblique shocks. Thus the
injection velocity is given by

vinj ¼ 3u
q

3
� 1

� 	2
þ

k2d þ k2k cos
2 qbn

� 	
sin2 qbn

k? sin2 qbn þ kk cos2 qbn
� �2

2
4

3
5
1=2

; ð18Þ

in general, or for nearly perpendicular shocks, by

vinj ¼ 3u
1

s� 1ð Þ2
þ

r2L þ l2
k cos

2 qbn

l? þ lk cos2 qbn
� �2

" #1=2
: ð19Þ

Equation (18) or (19) represents a far more stringent
injection condition than the corresponding condition used
by Zank et al. [2000] or Li et al. [2003], which essentially
uses downstream thermalization as a criterion for injection.
[23] 3. To evaluate the upper limit on the diffusively

accelerated spectrum, we need to equate the shock acceler-
ation timescale and the available time for acceleration, i.e.,
the shock dynamical timescale R/ _R, where R(t) describes the
shock position at time t. Thus

tacc ¼
1

p

dp

dt

� ��1

¼ 3sk?
V 2
sh s� 1ð Þ

) t ¼ R

_R
¼ 3s

V 2
sh s� 1ð Þ

Z pmax

pmin

k? pð Þ dp
p

¼ 3s

V 2
sh s� 1ð Þ

Z ~vmax

~vmin

k? vð Þ dv
v
: ð20Þ

[24] By using equations (9) and (10), equation (20) has to
be solved for pmax [Zank et al., 2000], but this is now very
complicated analytically within the NLGC framework. In
the computations below, where we apply the three steps to
the acceleration and transport of energetic particles, we
solve (20) numerically. For the purposes of illustration, it
is simpler to assume that k? ’ akk

1/3 (equation (9), where a
is a constant and lies in the range a = 10�1–10�3 [see Zank
et al., 2004]). We need to consider two cases. In the inner
heliosphere (within several AU of the sun), the most
energetic particles resonate with the inertial range; that is,
the maximum particle gyroradius is much less than the
correlation length scale. By contrast, with the weakening of
the magnetic field in the outer heliosphere, very energetic
particles can resonate with the energy containing range,
which implies that the particle gyroradius exceeds the
correlation length. In the former case, rL 
 lc

slab, from
which it follows that D ’ 0 in (10). We can then
approximate the parallel diffusion coefficient for ions of
arbitrary mass and charge as

kk ’ 1:046
B5=3

hb2slabi
A

Q

� �1=3
mp

e

� 	1=3
v4=3 lslab

c

� �2=3
; ð21Þ

where mp is proton mass, e the electron charge, Q the charge
state, A the mass number, and we have used lslab =
1.34lc

slab. Equating the dynamical timescale and the particle
acceleration timescale in this limit yields

~pmax

mp

’ Q

A

� �1=4
e

mp

� �1=4

lslab
c

� ��1=2

� 0:148
V 2
sh s� 1ð Þ
as

R

_R

� �1=4 hb2slabi3=4
B5=4

; ð22Þ

where ~p is the momentum per nucleon. Conversely, for
energetic particles with gyroradii that exceed the correlation
length scale, it is easily seen that D 	 1 in the quasilinear
expression for kk (equation (10)). In this limit, D � 6.02 �
10�2 (rL/lc

slab)5/3. For arbitrary mass and charge ions, we
compute the maximum particle momentum as

~pmax ’
Q

A

� �2=3
e

mp

� �2=3
R

_R

s� 1ð Þ
s

V 2
sh

1:17a
lslab
c hb2slabi: ð23Þ
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The maximum momentum expressions reveal several
interesting points. A fundamental difference between the
perpendicular and quasiparallel expressions is that the
former is derived from a quasilinear theory based on pre-
existing turbulence in the solar wind, whereas the latter
results from solving the coupled wave energy and cosmic
ray streaming equation explicitly, i.e., in the perpendicular
case, the energy density in slab turbulence corresponds to
that in the ambient solar wind whereas in the case of
quasiparallel shocks, it is determined instead by the self-
consistent excitation of waves by the accelerated particles
themselves. From another perspective, unlike the quasipar-
allel case, the resonance condition does not enter into the
evaluation of pmax given in (23). As a result, the diffusion
coefficient is fundamentally different in each case, and
hence the maximum attainable energy is different for a
parallel or perpendicular shock. For a perpendicular
termination shock, for example, there is no dependence on
the strength of the background magnetic field B (equation
(23)). In this case, the primary dependence is on shock size/
age (R) and shock speed ( _R and Vsh) and the radial variation
of the energy density in slab turbulence (hbslab2 i). Con-
versely, in the inner heliosphere where the mean magnetic
field is strong, the maximum momentum decreases with
increasing field strength, this reflecting the increased
‘‘tension’’ in the mean field.
[25] Some comments regarding the determination of pmax

for different shock configurations and ionic species are
useful since three approaches have been identified in this
and previous work [Zank et al., 2000; Li et al., 2003].
[26] 1. For protons accelerated at a quasiparallel shock,

pmax is determined purely on the basis of balancing the
particle acceleration time resulting from resonant scattering
with the dynamical timescale of the shock. The wave/

turbulence spectrum excited by the streaming energized
protons extends in wave number as far as the available
dynamical time allows.
[27] 2. For heavy ions at a quasiparallel shock, the maxi-

mum energy is also computed on the basis of a resonance
condition but only up to the minimum k excited by the
energetic streaming ions, which control the development of
the wave spectrum. Thus maximum energies for heavy ions
are controlled by the accelerated protons and their self-
excited wave spectrum. This implies a (Q/A)2 dependence
of the maximum attainable particle energy for heavy ions.
[28] 3. For protons at a highly perpendicular shock, the

maximum energy is independent of the resonance condition,
depending only on the shock parameters and upstream
turbulence levels. For heavy ions, this implies either a (Q/
A)1/2 or a (Q/A)4/3 dependence of the maximum attainable
particle energy, depending on the relationship of the max-
imum energy particle gyroradius compared to turbulence
correlation length scale. The summary presented here sug-
gest that it may be possible to extract observational signa-
tures related to the mass-charge ratio that distinguish
particle acceleration at quasiparallel and highly perpendic-
ular shocks.
[29] The steps described above allow us to immediately

apply the approach of Zank et al. [2000]. In the following,
we consider a CME-driven shock propagating from 0.1 AU
to �1 AU. For the purposes of illustration, we make the
somewhat simplistic assumption that the shock remains
either parallel or that qbn = 85�, and for the parallel shock,
we use the downstream thermalization criterion of Zank et
al. [2000]. We also assume that l2D/lslab = 0.1. The
dependence of injection energy and the maximum energy
to which a particle can be accelerated as a function of radial
distance is illustrated in Figure 7 for a perpendicular shock.

Figure 7. Maximum particle energy and injection energy for a highly perpendicular shock (85�, black
curves) as a function of heliocentric distance. For comparison, we plot the corresponding results for a
parallel shock (red curves).
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In addition, the figure compares the corresponding energies
for an otherwise identical parallel shock where the energetic
particles excite the upstream wave spectrum (a subtlety that
has been neglected in all previous comparisons of particle
acceleration at perpendicular and parallel shocks [e.g.,
Jokipii, 1987]); that is, we solve (1)–(3) assuming that the
shock remains parallel for the duration of its propagation to
1 AU. Since we assume wave excitation in the parallel shock
calculation, this results in maximum energies that can be as
much as an order of magnitude larger at a parallel shock than
at a perpendicular shock close to the sun. The maximum
energies accelerated at parallel and perpendicular shocks
begin to converge towards 1 AU. The decay in maximum
energy is slower for the perpendicular shock than the parallel
because of the slower WKB-like decrease in energy in
turbulent fluctuations and because of the 1/r2 dependence
of B within 1 AU of pmax for the parallel case. We stress that
in the absence of the self-consistent wave excitation, the
perpendicular shock would accelerate particles to higher
energies than a parallel shock. This suggests that the
question of perpendicular versus parallel diffusive shock
acceleration at the heliospheric termination shock [Jokipii,
1987] may need to be revisited. The corresponding evolu-
tion in the diffusion coefficients (perpendicular and parallel)
at different heliocentric distances is illustrated in Figure 8.
[30] Finally, since the injection energy at a quasiperpen-

dicular shock is much higher than at the corresponding
quasiparallel shock, we can expect signature differences in
the composition of accelerated particles. We can utilize the
interplanetary shock acceleration models of Zank et al.
[2000] and Li et al. [2003, 2005b] for perpendicular shock
acceleration to derive spectra, intensity profiles, etc. for SEP
and ESP events.
[31] In Figure 9, we show the evolution of the accelerated

energetic particle relative number density at 1 AU as a

function of time for the example of a quasiperpendicular
and parallel shock. The solid curves correspond to the
quasiperpendicular shock qbn = 85� and the dotted curves
to the parallel shock accelerated protons. The total number
of injected particles in the parallel shock case is assumed to
be 20 times greater than that of the perpendicular shock.
This ratio is in agreement with results obtained by Mewaldt
et al. [2001], who considered energetic particle fluences
over a 3 year period and found that the superthermal tail of
the solar wind (above 0.01 MeV/nucleon) can be approxi-
mated by an E�2 power law. By assuming that the seed
particles have such a power law, and that the injection
energies are as shown in Figure 7, allows us to estimate the
injected particles number density at a perpendicular shock
relative to that at a parallel shock. It is clear from Figure 7
that the injected number of particles at a perpendicular
shock, compared to that at a parallel shock, increases with
time as the shock propagates away from the sun. This is
because the particle injection energy at a perpendicular
shock decreases faster with heliocentric distance than that
at a parallel shock (see Figure 7). The ratio of the injection
energy Einj

? /Einj
k is about 50 at 0.1 AU, 17 at 0.5 AU and 4 at

1 AU. This translates to an injected particle ratio of 0.02,
0.06 and 0.25, respectively. In this work, since our model is
crude, we did not follow the time evolution for the injected
particle at the perpendicular shock, but instead assumed that
the total number of injected particles at the quasiperpendi-
cular shock remains 20 times smaller than that at the parallel
shock.
[32] The comparative shapes of the spectra are interest-

ing. At early times, the quasiperpendicular shock has a
much clearer power law extending from lower energies than
the parallel case. This is a consequence of quasiperpendic-
ular shocks not being as effective at trapping particles at the
shock front as parallel shocks, which ensures that relatively

Figure 8. Diffusion coefficients k? (black curves) and kk (red curves) as a function of kinetic energy at
various heliocentric distances. Note that the inclusion of wave self-excitation makes kk significantly
smaller than k? at low energies, and comparable at high energies.
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